Heat and Mass transfer

Heat Transfer from Extended Surfaces




Heat Transfer from Extended Surface

The heat transfer rate from a surface by convection process is proportional to
the surface area, the heat transfer coefficient and the temperature difference
between the surface and the fluid

* Temperature difference and the heat transfer coefficient are fixed

= Surface area is to be increased artificially so as to increase the heat transfer.
These extended surfaces are called fins or spines and their purpose is to
increase the heat removal between the surface and the surrounding ambient

fluid (flowing or static).

Some of these fins can be seen on air cooled engines, attached to car radiator,
condenser of refrigerators, boiler tubes and many other heat exchanger devices.
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Following are the considerations:
1. Steady state heat transfer 2. Conductivity, k of the fin is constant. 3. Heat transfer

within the solid is in the x direction only (This is possible only if the area of cross section
is small compared to the fin length and the boundary conditions are constant with
respect to z and y). Another implication of the third assumption is that the temperature

will be uniform across a cross section of the fin.
A(x): Area of cross section; S (x) Surface area of the fin from

Xx=0, tox
k : conductivity of the material, h = heat transfer coefficient of
the fin surface



Heat transfer by conduction to the left face of the element=0A heat transfer by

o
conduction out of the right face = CIA+&(CIA)AX

Heat transfer by convection from the surface 0S of the element exposed to the
fluid at a temperature T, =h 5S (T, -T.)

Where Tavg is the temperature of the element (average):

15t law of thermodynamic yields

o
qA=qA+&(qA)Ax+h58 (Tag - T.)

avg o0

0 0S

or, &(qA)thR(Tavg -T,)=0
nthe limitAx >0 9> =9 ang Ty = T(X)
Ax  dx )



Substituting q = —kd—T
dx

2
d°T | dadxdT  hdS o o
dx? A dx kA dx

To find a unique solution of this equation two boundary condition are required.
At x=0 the fin will have the temperature of the base metal unless there is some
contact resistance at this point.

dT

atx=0:T=T, : atx=L : hA(T-T,)=- "
X



Fins having same cross section all along its length
This types of fins amenable to simple mathematical analysis.
Rectangular, as well as circular or other constant cross section fins can be

analysed by this procedure

|
{f = k ( - o
—1 = / Lo he |/ L J !
4
!} X ‘ T h o
L= Length of the fin
b = width, t = thickness, A = bt r =radius, A= zr’
P=2@+¢),S=PX P=2z7 S =Px
dA ds dA \\dS

=0, and —
=0, and —
dx dx dx dx




We can write

dT hP
2 (T-T.)=0
dx? kA( )

Substituting @ =(T -T,) and m* = %? we get

2
d—f -m?0=0
dx
The solution of the equation: &=C.e ™" + D,e™”*
or, 8=C, cosh mx+ D, sinh mx

or, #=C; cosh m(L—x)+ D; sinh m(L —x)



atx = L,—kd—T:he (T-T,) or, —kd—(g:h 0

atx=0,T =T, ;i.e.,0=6,=T,-T,
case 1
dx dx °

Substituting these boundary conditions in

6 =C;coshm(L — x) + Dgsinhm(L —x) we get
6, =C; coshmL + D;sinhmL
—k[-mCjsinhm(L — x)—-mD;coshm(L —x)| =
h.[C5coshm(L —x)+Dgsinhm(L — x)]

Foratx=0,T =T,

at x=L, kD,m=h,C, ie., D3=(33:—e =C,H
m
C, [coshmL+H sinhmL] =6,
0, _ G,H
C3: : ’ D3: :
coshmL+H sinhmL coshmL+H sinhmL

_ 90
coshmL +H sinhmL

6,H

_ sinhm(L — x)
coshmL +H sinh mL

coshm(L — x) +




We can write

0 _ coshm(L - x)+H S|_nhm(L—x) where H :i
o, coshmL+H sinhmL km
dT do
Now, Q. = = -kKA—| =-kA —
fin = Ubase dx o dx -

_kA[—m{sinh m(L —x) + H coshm(L - X)}x=0:|
Ofin = %
at x=0

coshmL+H sinhmL

O, =+ KA, /hﬂ? -6 (sinhmL+H coshmL) / (coshmL+H sinhmL)]

4, = VKADhP 90[(sinh mL+H coshmL) /(coshmL+H sinh mL)]

Case-1 Convective heat transfer Case-2 Case-3 Insulated tip fin
. _ 3¢ e
atx=L: -k 1 Nho Infinite fin atx =00, =0 atx=1L, k2—9=0
x=L X
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For fins with insulated tips (case 3)

In the earlier solution, let us substitute H=0

/

e

!

I

O, . coshm(L —x)
y 9 = 00
cosh mL coshmL
m(L—x) —m(L—x)
o= o, e + e
2cosh mL
or 6 2coshm(L—x)
"¢,  2coshmL
dT do
Qfin = Opase = _kAd— = —kA—
X x=0 dX x=0
do :
— - —m{2sinh m(L—x
o 0 — _KA { ( )} 6)0
2 cosh mL

=+kAmg,| tanhm(L-x) | =~/kAhP 6, tanh mL



Case Tip Condition Temperature Fin Heat
Distribution Transfer rate Ur
A
Convective heat transfer 6 _|coshm(L—x)+Hsinhm(L-X)| | /ipia g, [sinh mL + H cosh mL}
atx = L _kd_'g =ho 0, cosh mL + H sinh mL coshmL + H sinh mL
dx|,_,
B Infinite finatx=0, 6=0, O =6,e™ JVhPKA 6,
C Insulated tip fin g [t 4 gm-y
do — = [nPKA
atx =L, ka:Q 6, 2 cosh mL hPkA 6, tanhmL




Efficiency of a Fin

There is one criterion which is called effectiveness of a fin

9T
OX |pase heat transfer rate from the fin

“h (T,-T,) ~ heat transfer rate from the base in the absence of fin

This ratio is greater than unity

The second criterion which is used as an index of performance of the fin is called
the fin efficiency

B heat transfer rate from the fin surface
heat transfer rate which would occur if the entire

fin surface was at the base temperature T,

17

_S[h(T -T,)ds  [(T-T,)ds

Q h(T-T.)S (T,-T,)S




Efficiency of a straigh fin (with insulated tip boundary condition)

t ot
Q, =h{(2bL)+(2Lt)+bt} 6, =2bLh4, (1+E+ﬁj

Q=+kAhP @, tanh[mL]=/kh 2(b+t)bt 6, tanhmL

%
\/2kh bt(b+t) 6, tanhmL /b/«/2khtt - (1+%)2
T 7T 20Lhg, (L+tb+t2L)  2bLh (L+t/b+1/2L)

1k (1+V)% \ P, [h2(b+t)
”f_L\Ft " L(1+/ AL) \/7L_\/ k(bt) -




_tanhmL  (1+t/b)
T Tl (@bl

(l+%+2t_|_) {“%){“ 2t|_ | (bit)} ~(1+1/b)

50, 17, = tanh mL
o mL
Hyperbolic functions:
. e¥—e™*

sinh x =
e¥ e

cosh X =
sinhx e*—e™

tanh x = =—
coshx e”+e
e¥+e™”

Coth X = ——
e’ —e

%(sinh X) = %[ex —(—e‘X )] = cosh X
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